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Introduction

W E consider a class of � nite element in time (FET) and
some implicit Runge–Kutta (RK) schemes for the solution

of boundary-valueproblems.FETs have been recently advocatedas
a new way of solving this class of problems,with particular empha-
sis on optimal control problems (for example, see Ref. 1 and the
references therein). The � nite element method develops solutions
discretizing appropriate weak forms of the equations that describe
a given problem. On the other hand, the RK method directly dis-
cretizes the governing ordinary differential equations (ODEs). Al-
though the two approacheslook different, in this work we prove that
the discreteequationsarisingfrom the classofFETs here considered
are linear combinationsof the equationsgeneratedby some implicit
RK schemes and that the FET unknowns are linear combinations
of the RK unknowns within each time step. Under these circum-
stances, this means that the two approaches are in reality the same
method that yields identical numerical solutions and, hence, enjoys
the same numerical properties. The analysis is valid for the p ver-
sion of the method, that is, for arbitrarily high order. Similar results
were derived in Ref. 2 for initial-valueproblems. That work is here
extended to cover the case of boundary-valuedifferential-algebraic
problems.

RK methods are probably the best understood and most widely
studied family of integration schemes, which makes them a mature
and trusted technology with extensive applications to the class of
problems here considered. FETs are less widely known, but their
application to certain problems leads to strikingly simple solution
procedures,for example, in the case of optimal control.3 Our hope is
that the proof of equivalencehere offered might help close the gulf
existing between practitioners using the two methods. We believe
that additional insight can be usually obtained by a uni� ed view,
and we are, therefore, not suggesting to abandon one approach in
favor of the other. Furthermore, some developments, for example
a posteriori error estimation for adaptive mesh control, might be
easier to accomplish in one framework rather than in the other.4

Boundary-Value Problems
We consider a generic boundary-valueproblem, de� ned by a sys-

tem of � rst-order ODEs

Çy = g( y, z, t ) (1a)

If algebraic constraints of the form

a( y, z, t ) = 0 (1b)

are also present, we have an index-one differential-algebraicequa-
tion (DAE) problem. In Eqs. (1a) and (1b), Ç( ¢ ) =d ¢ / dt , y 2 RY ,
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z 2 RZ , t 2 R, g: RY £ RZ £ R ! RY , and a: RY £ RZ £ R ! RZ .
I = [0, T ] is the time domain. Suitable boundary and additional
constraint conditions are given as

C[ y(0), y(T ), T ] = 0 (1c)

This format covers a wide range of applications, in particular opti-
mal control problems with or without unknown terminal time and
path constraints. Minor modi� cations allow treatment of problems
with interior point constraints, possibly at unknown intermediate
times, and multiphase problems (see Ref. 4 and references therein
for details).

We partition I according to 0 = t1 < t2 < ¢ ¢ ¢ < tN + 1 = T and let
hn := tn + 1 ¡ tn . We consider global methods, that is, methods that
produceanapproximatesolutionrepresentationover theentire inter-
val of interest. In the terminologyof the � nite elementmethod, these
procedures assemble the equations over the whole interval. Alter-
native strategies are based on the solution of corresponding initial-
value problems, for example, shooting and related techniques.

RK Methods
The e -embedding method5 for an s-stage RK scheme applied to

the solution of Eqs. (1a) and (1b) results in the relations

ŷ = (1 ­ IY ) yn + hn(A ­ IY ) ĝ (2a)

0 = â (2b)

yn + 1 = yn + hn (bT ­ IY ) ĝ (2c)

where b, c 2 Rs and A is s £ s. The sY -dimensional vectors are de-
� ned as ŷ := (y1, . . . , ys ) and ĝ := [ g( y1, z1 , t 1), . . . , g( ys , zs , t s)]
and the s Z-dimensional vectors as ẑ := (z1, . . . , zs ) and â :=
[a( y1 , z1, t 1), . . . , a( ys , zs , t s)], where t i := tn + ci hn . Finally, the
symbol ­ denotes the tensor (Kronecker) product of matrices,
whereas 1 is the s-dimensional vector 1 := (1, . . . , 1) and IY is the
unit Y £ Y matrix.

Equations (1c) do not require discretization and, therefore, can
be dropped from the subsequent discussion. The values z1, z2,
. . . , zN + 1 can be computeda posteriori,usingthe equationsa( yn + 1,
zn + 1 , tn + 1) =0, so that the solution ( yn + 1, zn + 1) lies on the mani-
fold.

FET Methods
FET methods are based on the approximation of a weak form of

Eqs. (1a–1c): Z

I

[v ¢ ( Çy ¡ g) + w ¢ a]dt + µ ¢ C = 0 (3)

In practice, one seeks a solution that satis� es in a weak sense
Eqs. (1a) and (1b) and the boundary conditions (1c). See Refs. 2
and 6 for a uni� ed approach to FETs and the references cited in 4
for additional background and information. Integration by parts of
the � rst term of Eq. (3) yields

Z

I

( Çv ¢ y + v ¢ g ¡ w ¢ a) dt = v ¢ yj @I + µ ¢ C (4)

Under certain circumstances,weak forms (3) and (4) can be given a
variational interpretation (for example, see Ref. 2). This is also the
point of view of Ref. 3.

The approximation of Eq. (4) is developed as follows. We con-
struct � nite-dimensional trial function spaces Y h and Zh as Y h :=
{yh 2 [ ky (In )]Y } and Z h :={zh 2 [ kz (In )]Z }, and test function
spaces V h and W h as V h :={vh 2 [ kv ( In)]Y } and W h :={wh 2
[ kw ( In)]Z }. k denotes the space of the kth-order polynomials.
Within the nth time element, the � nite element trial solutions are
de� ned as follows:

yh (t ) := yn

for s =0,

yh(t ) :=
ky + 1X

i = 1

s
ky

i ( s ) yi
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for 0 < s < 1,

yh (t ) := yn + 1

for s =1, and

zh (t) :=
kz + 1X

i = 1

skz
i ( s ) zi

for 0 < s < 1. The weighting functions are de� ned as

vh (t ) :=
kv + 1X

i = 1

skv
i ( s )vi , wh(t ) :=

kw + 1X

i = 1

skw
i ( s )wi

for 0 < s < 1 and 0 · s ·1, respectively,with s = (t ¡ tn) / (tn + 1 ¡
tn). Here, yi , zi , vi , and wi are the vectors of nodal unknowns and
test functions for node i . Clearly, yi and zi depend on n, but this
dependence is not re� ected in the notation. Also sky

i ( s ), skz
i ( s ),

skv
i ( s ), and skw

i ( s ) are the � nite element shape functions of order
ky , kz , kv , and kw , respectively, for node i . Shape functions can be
constructed in different ways. For our discussion, we only require
from the shape functions the standard property

kv + 1X

i = 1

skv
i = 1

that implies

kv + 1X

i = 1

skv
i ( s ) 0 = 0

From the de� nitions,note that the trial solutionsyh are continuous
within each time element, but are discontinuousacross the interface
of the elements,namely, at times t1 , t2, . . . , tN + 1 , where we have the
discrete boundary values y1, y2 , . . . , yN + 1 . Furthermore, the trial
solutions zh are discontinuous across the element interfaces, but in
this case there areno discreteboundaryvaluesat theboundarytimes.

In conclusion, we are looking for solutions yh 2 Y h and zh 2 Z h

that satisfy
Z

In

[ Çvh ¢ yh + vh ¢ g( yh , zh , t ) ¡ wh ¢ a( yh , zh , t)] dt = vh ¢ yh j @In

n = 1, . . . , N (5)

for all vh 2 V h and wh 2 W h . We choose for simplicity to drop the
boundary condition term µ ¢ C from the following discussion be-
cause it does not require discretization. The order of the test and
trial � nite element shape functions is then chosen according to the
relation ky = kz = kw = kv ¡ 1.

FET Methods as RK Processes
We shall now show that the FET formulation (5) can be written

as (and, therefore, is equivalent to) an RK process of the type of
Eqs. (2a–2c). We begin by selecting a quadrature rule for the eval-
uation of the integrals in Eq. (5). The rule is de� ned by q abscissas
ci and weights bi . We consider the case q = ky + 1; therefore, the
number of quadrature points is the same as the number of � nite
element nodes. This yields

kv + 1X

i = 1

vi ¢

"
qX

r = 1

br

d
¡
skv

i

¢

ds
(cr ) yh (tr )

+ hn

qX

r = 1

br s
kv
i (cr ) g( yh (tr ), zh (tr ), tr )

#

+ hn

kw + 1X

i = 1

wi ¢
qX

r = 1

br skw
i (cr ) a[ yh (tr ), zh (tr ), tr ]

= vkv + 1 ¢ yn + 1 ¡ v1 ¢ yn (6)

The usual � nite element method practice consists in expressing
the discrete equations in terms of the nodal values. We shall take a

different approach and assume as unknowns the values of the � nite
element trial functions at the quadrature points. This can be done
becausewe are using a quadraturerule that uses as many integration
points as there are � nite element nodes, as already mentioned. See
Ref. 2 for a discussion on some interesting consequences of this
assumption.

De� ne the q £ q matrices V :=[skv
i (c j )], V 0 :=[skv

i (c j ) 0 ], W :=
[skw

i (c j )], and B :=[ -
bi . ], with i, j =1, . . . , q . Considering that

the wi are arbitrary, from Eq. (6) we get [(WB) ­ IM ]â =0. Be-
cause WB is nonsingular, this implies â = 0. Consider now that
the vi are arbitrary; the corresponding � rst kv (=q) of the kv + 1
independent equation sets of Eq. (6) can be written concisely:

[(V 0 B) ­ IN ] ŷ = ¡ (11 ­ IN ) yn ¡ hn[(VB) ­ IN ] ĝ (7)

where 11 is the q-dimensionalvector 11 := (1, 0, . . . , 0) that has the
� rst entry equal to one and all the others equal to zero. Solving for
ŷ, we have

ŷ = ¡ [(B ¡ 1V 0 ¡ 111) ­ IN ]yn ¡ hn[(B ¡ 1V 0 ¡ 1VB) ­ IN ] ĝ (8)

It is easy to show that ¡ B ¡ 1V 0 ¡ 111 =1, which is analogous to the
so-called B simplifying assumption in the theory of RK methods.
Then, taking the aforementioned properties of the shape functions
into account, we get from Eq. (6) that yn + 1 = yn + hn(bT ­ IN )ĝ.

By comparison with Eqs. (2a) and (2b), we conclude that Eq. (6)
is formally equivalent to a q-stage RK method with Butcher tableau

c ¡ B ¡ 1V 0 ¡ 1VB

bT
(9)

This result, together with the fact that â =0 as shown, states that
the FET equations, with the proper quadrature, are linear combina-
tions of the RK equations. Furthermore, we recall that the internal
unknowns are the values of the shape functions at the quadrature
points, which are linear combinations of the � nite element nodal
values, whereas the boundary terms coincide in the two cases. This
means that, under the stated conditions, the two methods will yield
identical results and are, therefore, in this sense equivalent.

As said, this formulation assumes discontinuous trial solutions
zh at the element interfaces and does not directly de� ne the values
z1, z2 , . . . , zN + 1 . However, these values can be computed a poste-
riori so that the solution lies on the manifold, using the equations
a( yn + 1, zn + 1, tn + 1) = 0. This is the same procedure used for cor-
recting the e -embedding method.

It remains to be seen whether the numerical values assumed
by Eq. (9) for different choices of the quadrature rule correspond
to existing RK schemes or not. To this purpose, we tested the
Gauss, Lobatto, and Radau–Left rules. In the � rst case we obtained
the Kuntzmann–Butcher method, in the second the Lobatto IIIB
method, and in the third the Radau IA method.

Using standardresults from RK theory,we can now concludethat
the Kuntzmann–Butcher (or Gauss) RK methods are algebraically
stable and also symplectic when applied to ODEs that describe the
evolution of general (unconstrained) Hamiltonian systems. From
our results, the considered FET method with Gauss quadrature is
also algebraicallystable and symplectic (and, hence, in general not
Hamiltonian preserving), a result that has not been previously re-
ported in the FET literature. Again using results from RK theory,
we can also conclude that the Lobatto FETs are A stable, whereas
the Radau–Left FETs are L and algebraically stable.

Conclusions
We have shown the existing relation between some implicit RK

formulas and a class of FET methods for boundary-valueproblems
governed by ODEs or index-one DAEs. Note that, although the
two methods start from rather different points of view, they end
up developing the same discretization of the equations governing
the problem. This is not a new fact in the history of numerical
methods: For example, it is well known that some � nite difference,
� nite volume, and � nite element methods are completelyequivalent
for certain classes of problems. We believe that additional insight
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can usually be gained by looking at a discretization process from
different points of view, and this is exactly what happens in this
case.
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Introduction

A NALYSES of systems with elastic members usually start with
the generation of motion equations.1 ¡ 3 Authors use a variety

of procedures to generate these equations. Common to procedures
basedon Lagrange’s formulationare the time-consumingsteps such
as generation of kinetic energy expressions for generic particles of
the elastic members and integration of these expressions over the
entire volume of the bodies.

It is the contentionof this Note that motion equations of systems
with elastic members can be obtained more expeditiously if use is
made of motion equations for constrainedsystems. This contention
is discussed after review of Kane’s equations for constrained sys-
tems, chosen here to be the working tool.

Accordingly,let S bea simple nonholonomicsystemof m particles
Pi (i =1, . . . , m ) of mass m i possessing n̄ generalized coordinates
q1, . . . , qn̄ and n (where n · n̄) generalizedspeeds u1 , . . . , un in N ,
a Newtonian reference frame. Suppose that the motion of S in N is
de� ned as unconstrainedand is governedby n dynamicalequations,
namely,

Fr + F ¤
r = 0 (r = 1, . . . , n) (1)

where Fr and F ¤
r are the r th generalized active force and the r th

generalizedinertia force for S, respectively.Moreover, suppose that
m constraints of the form

uk =
pX

r = 1

Ckr ur + Dk (k = p + 1, . . . , n) (2)

are imposed on the motion of S, where

p =̂ n ¡ m (3)
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and Ckr and Dk are functions of q1 , . . . , qn̄ and time t . Then the
motion of S in N is de� ned as constrained and is governed by p
dynamical equations, namely,

Fr + F ¤
r +

nX

k = p + 1

Ckr

¡
Fk + F ¤

k

¢
= 0 (r = 1, . . . , p) (4)

These equations were � rst presented by Wampler et al.4 in a matrix
form.

Suppose that the members comprising the system in question are
temporarily regarded as undergoing an unconstrained motion and
that motion equations represented by Eqs. (1) are written for each
member. Moreover, suppose that the kinematical constraint equa-
tions are formulated and cast in the form of Eqs. (2). Then substitu-
tions in Eqs. (4) lead to the requisite motion equations. This proce-
dure underlies works by Buf� nton and Kane5 and by Djerassi and
Kane.6 Using the elastic properties of the unconstrained members
in the generation of Eqs. (1), these authors assumed that Eqs. (4)—
where expressionsfromEqs. (1) are used—automaticallyreproduce
the elastic properties of the constrained system. A similar assump-
tion was made by Thomson,7 discussing the elastic properties of
an elastic beam on three supports. The validity of this assumption
cannot be proved rigorously; however, it can be illustrated, a task
undertaken here in connection with two examples. These examples
demonstrate the bene� ts associated with the exploitationof this as-
sumption.

Cantilever Beam with a Massive Endpoint
Consider the system S comprising an elastic cantilever beam B

and a particle P of mass m attached to B at its endpoint E . Sup-
pose that B and P are temporarily regarded as undergoing an un-
constrained motion. Then equations of motion of B and P can be
generated independently. Accordingly, B is assumed to behave as
a uniform Euler–Bernoulli beam, whose motion is governed by the
equations

¡ M Çu i ¡ EJL k 4
i qi = 0 (i = 1, . . . , l ) (5)

Çqi = ui (i = 1, . . . , l ) (6)

whereEJ, L , and M are, respectively,thebendingrigidity,the length,
and the mass of the beam; and qi , ui , k i , and l are, respectively,
the i th generalized coordinate, the r th generalized speed, the i th
eigenvalue of the equation

1 + cos k i L ¢ cosh k i L = 0 (7)

and the number of modes used to describe the elastic de� ection
y(x , t) of points of the beam. The latter can be expressed as

y(x , t) =
lX

i = 1

u i (x)qi (t) (8)

where u i (x), the i th modal function, is given by

u i (x) = ¡ cos k i x + cosh k i x + ki (sin k i x ¡ sinh k i x)

ki =
cos k i L + cosh k i L

sin k i L + sinh k i L
(9)

if the boundary conditions are

y(0, t ) = y 0 (0, t) = y 0 0 (L , t ) = y 0 0 0 (L , t ) = 0 (10)

In connection with the motion of P , u l + 1 is de� ned so that the
velocityof P in N is expressedas N vP = u l + 1n. Then thedynamical
equations governing the motion of S in N are Eqs. (5), and, in
addition

¡ m Çu l + 1 = 0 (11)

Consider a constrained motion of S with P attached to E . Then
N vP = N vE , and because N vE = Çy(L , t )n, it follows that u l + 1(t)=
Çy(L , t ), or

u l + 1(t ) = u 1(L)u1(t ) + ¢ ¢ ¢ + u l (L)u l (t ) (12)


